We develop a theory describing a parameter based phase diagram to be associated with materials incorporating skipped valence ions [1] . We use a recently developed tight-binding approach for the bismuthates to study the phase diagram exhibiting the crossover from a bond disproportionated (BD) to a charge disproportionated (CD) system in addition to the presence of a new metallic phase. We argue that three parameters determine the underlying physics of the BD-CD crossover when electron correlation effects are small: the hybridization between O-2pσ and Bi-6s orbitals (tspσ), the charge-transfer energy between Bi-6s and O-a1g molecular orbitals (∆), and the width of the oxygen sublattice band (W ). In the BD system, we estimate an effective attractive interaction U between holes on the same O-a1g molecular orbital. Although here we concentrate on the example of the bismuthates, the basic ideas can be directly transferred to other perovskites with negative charge-transfer energy, like ReNiO3 (Re: rare-earth element), Ca(Sr)FeO3, CsTIF3 and CsTlCl3.
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PACS numbers:
A common feature of the classes of materials involving skipped valence elements [1] that we are considering here is that the ground state crystal structure consists of an alternation of long and short metal-oxygen bond lengths with an unaltered coordination number. This is commonly encountered in the perovskite structures with the chemical formula of ABO 3 with skipped valence B site ions which are identical and octahedrally coordinated with oxygen in the cubic phase. The formal valence of the B site cation is given by V(B) = 6 − V(A), assuming the customary closed shell O 2− electronic configuration. This leads us to the very unusual valence of 4+ for Bi in ABiO 3 [2] [3] [4] (A = Sr, Ba) with a half filled 6s shell or an also rather uncommon valence of Ni 3+ (3d 7 ) in the rare-earth (Re) Nickelates ReNiO 3 [5] [6] [7] [8] [9] or Fe 4+ (3d 4 ) in Ca(Sr)FeO 3 [10, 11] .
Two alternative, although not orthogonal, concepts have been used to describe how skipped valence systems adjust to solve this problem. The most common approach is to assume that oxygens remain closed shell and that all the charge action is then on the cation. In this approach the Bi 4+ with the Bi-6s open shell orbital disproportionates [1, [12] [13] [14] [15] [16] [17] , forming an empty and full (Bi 5+ ,Bi 3+ ) 6s shell. This would obviously also strongly affect the Bi-O bond lengths which would be considerably shorter for the 5+ configuration than the 3+ one based on known compounds with corresponding formal valencies [2] . This sort of behavior of valence skipping elements is often accounted for by the concept of an attractive Hubbard-U type model [1, 14] which still leaves open the question regarding how this interaction could become attractive since electron-phonon coupling in BaBiO 3 is generally found to be very weak from local-density approximation (LDA) calculations [18] [19] [20] [21] [22] [23] .
Another proposed starting point is that of a negativecharge-transfer gap, meaning that the first ionization states keep the cation at its most common valence in oxides, which is 3+ for Bi, and removing electrons from the O-2p states to form a charge neutral system [24] [25] [26] [27] .
In this approach the energy of the formal valence configurations of Bi 4+ O 2− would convert to Bi 3+ L where L refers to a hole in the O-2p band. In this case there would be on average two holes per oxygen octahedron. The energy can be further lowered in this negative charge-transfer gap system by forming a Peierls-like [28] bond-disproportionated state, because of the cooperative formation of double covalent bonds that form octahedra of oxygens with alternating short and long bond lengths with the central Bi. Here, the Bi-6s charge will be only slightly different for the two sites and all the oxygens remain identical. Therefore, little change in the average charge density is needed. This is evident from the density functional theory (DFT) calculations of Ref. [20, 24] where small charge-disproportionation of ±0.15e was found inside the Bi muffin-tin spheres. In addition, spectroscopic measurements of Ref. [29] [30] [31] found little difference in the Bi valence shell occupations.
The situation in the 3d transition metal oxides is also similar [5] [6] [7] [8] [9] , but with large differences regarding the orbitals that are involved and the fact that strong electron correlation effects prevail [32] . However, the basic physics remains the same upon including the correlation and the Hunds' rule physics as well as d symmetry rather than s symmetry orbitals in the covalent bonds.
In the end, the two starting points which we could name as charge disproportionated (CD) and bond disproportionated (BD) respectively yield the same result of a disproportionated state with the same symmetry and lattice deformation types of long and short bonds, and even same spin states for the case of the 3d transition metal candidates. Therefore, the choice of the approach is not so important for describing the qualitative nature of the ground state. However, the nature of the states involved in the low energy scale properties is quite different which is important in describing the excited states of the systems. For example in the BD picture it is quite natural to obtain solutions in which two holes cooperatively bond to the short bond length Bi forming a lattice of bipo- larons with an attractive interaction resulting from the electron-phonon coupling. This is important for the potential description of superconductivity in the hole doped systems as in Ba 1−x K x BiO 3 [4] . In this paper, we demonstrate that there is quite a natural crossover between a bond and a charge disproportionated regime. In the former case, the two holes' wave function is mostly localized on the O-2p molecular orbitals of a 1g symmetry in the collapsed octahedron while in the latter case the holes' wave function is mostly localized on the Bi-6s orbital of the collapsed octahedron. We argue that only three parameters determine the underlying physics of this crossover: t spσ , the strength of the hybridization between O-2p σ and Bi-6s orbitals, ∆ = (Bi-6s) − (O-a 1g ), the charge-transfer energy, and W , the width of the oxygen sublattice band. In addition, we show that within a certain parameter range a metallic phase appears in which the holes are in delocalized O-2p bands mainly of O-e g symmetry which do not hybridize with the Bi-6s.
To study the BD-CD crossover in the bismuthates, we use the tight-binding (TB) model derived in Ref. 27 which consists of one Bi-6s and nine O-2p orbitals per formula unit with two nearest-neighbor inter-site O-2p hopping integrals, t ppσ and t ppπ , and the Bi-6s-O-2p σ hopping integral, t spσ . This simple TB model can describe well the changes in the electronic structure such as the opening of the charge gap due to the breathing distortion observed in previous DFT studies [15, 16, 24] , as well as the formation of molecular orbitals on the collapsed octahedra as shown in Fig. 1 . Here for simplicity, we have neglected the tilting distortions of the oxygen octahedra, and consider a four formula unit supercell lattice with an experimental breathing distortion of 0.1 A [3] . From the projected density of states [see Fig. 1(a) ] we can see that the Bi-6s band is very broad, extending from +1 eV above the Fermi level down to −12 eV below. This is due to the strong hybridization between Bi-6s and O-a 1g states. After introducing the breathing distortion, holes spatially condense onto O-a 1g molecular orbitals of the collapsed BiO 6 octahedra which is represented by the red-colored fat bands in Fig. 1(b) .
A BD-CD crossover can now be obtained by scanning regions of strong and weak hybridization and varying the charge-transfer energy (i.e. by varying Bi-6s onsite energy) in a breathing distorted lattice as shown in Fig. 2(a) . Here, x marks the parameters relevant for ABiO 3 [27] . We find that the holes' character crosses over from O-a 1g (red) to Bi-6s(yellow) as we go from a negative to positive charge-transfer energy. However, it is important to note that since there is no symmetry change in moving from a BD to a CD system, there is no clear boundary but rather a gradual crossover that can be defined when there is equal Bi-6s and O-a 1g character in the conduction band. Also since each octahedron has on average two holes, this average density does not change as we go from CD to a BD state but only the fluctuations strongly diminish from the average which is similar to a Peierls like transition. In addition to the BD-CD crossover we find that at a critical hybridization t * spσ for a given ∆, the two holes per octahedron transition into non-bonding purely O-2p states of e g molecular orbital symmetry located at about 2 eV below the Fermi level[see Fig. 1(b) ].
In the BD regime two hole states on a collapsed oxygen octahedron strongly bond with the central Bi-6s orbital, which results in a lowering of the system's total energy relative to when the holes are well separated in different octahedra. This quite naturally results in tendencies to bipolaron formation and leads to an effective "molecular" [27] rather than on-site attractive interaction U which can result in superconductivity. To estimate the value of this attractive U , we calculate the energy of a system with two spatially well separated holes in a 1g molecular orbitals by including the polaronic effects [33] [34] [35] resulting from the increase of T spσ = √ 6t spσ molecular orbital hopping integral due to electron-phonon interaction and compare that with the energy of two holes of opposite spin on the same a 1g molecular orbital. The polaronic lowering of the single hole energy due to the decrease in the Bi−O bond length can be estimated as δT spσ = √ 6δt spσ and the total energy lowering for two of these well separated holes is twice this i.e. 2δT spσ . Recalling that t sp ≈ 1/(d 0 + δd) 2 [36] , for small δd , δt sp is proportional to −δd. Now, if there are two holes on the same a 1g molecular orbital the change in the bond length will be twice as large in linear response theory and so δt sp will be twice as large and the total energy lowering will be 4δT sp . So the energy difference between two holes on the same a 1g orbital and two times one hole per a 1g orbital will be −2δT sp . Given the breathing distortion of 0.1Å we calculate an effective attractive interaction U ef f = −2δT spσ = −2 √ 6(2.37 − 2.15) ≈ −1.1 eV between two holes on an O-a 1g molecular orbital.
Let us now calculate the charge gap in our TB model for the breathing distorted lattice and above considered ranges of t spσ and ∆. We find that the distorted structure has a gap for all values of ∆ and hopping integrals larger than t * spσ [see Fig. 2(b) ]. However, for weaker hybridization when holes cross over into O-e g orbitals the system transitions into a metallic state. This insulatorto-metal transition can be understood by noting that the Peierls-like breathing distortion of the oxygen octahedra does not open a gap in the O-e g states, because this distortion is not coupled to the O-e g states due to symmetry. As a result, the system can not lower its energy by adopting the breathing distortion and therefore will stay in the metallic non-disproportionated state.
Finally, we show that this phase transition can simply be described within a three-band model consisting of only O-a 1g , O-e g , and Bi-6s orbitals with the hybridization T spσ = √ 6t spσ . This hybridization couples only the Oa 1g and Bi-6s orbitals, since the O-e g orbital does not hybridize with either Bi-6s or O-a 1g due to symmetry. We find that at zero hybridization, O-e g (O-a 1g ) states are at the top(bottom) of the oxygen band which results in the conduction band (represented by a dashed line) being mainly of O-e g character[see Fig. 3 ]. However, after Bi6s-O-a 1g hybridization is turned on, at a certain value of the charge transfer-energy, the anti-bonding Bi-6s-O-a 1g band is pushed above the O-e g states. We can realize this transition for a fixed hybridization (t spσ = 1 eV) by going from a negative to positive charge-transfer energy as shown in Fig. 3 . It can be seen that the conduction band changes character from O-e g to anti-bonding Bi-6s-O-a 1g at ∆ ≈ 1 eV. We find that the boundary of this transition is described by a function of ∆ and W :
where W = (O-e g )− (O-a 1g ) is the width of the oxygen band. In summary, we have studied the orbital character of the holes in the bismuthates and have shown that it depends strongly on the strength of Bi-6s and O-2p σ hybridization, t spσ , and the charge-transfer energy, ∆. We have demonstrated that there exists a natural crossover between a bond and a charge disproportionated system with holes preferring to occupy Bi-6s or O-a 1g molecular orbitals. In the BD regime, an effective attractive "molecular" orbital interaction between two holes residing on the collapsed oxygen octahedra is estimated as U ef f = −1.1 eV, via considering electron-phonon coupling effects through changes in t spσ . We have further shown that holes can transition into non-bonding O-e g molecular orbitals which is accompanied by an insulatorto-metal transition. One might expect that similar cross overs can occur in other perovskites with localized molecular orbital symmetries other than the bismuthates.
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